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ABSTRACT

In this paperwe prove thatf d is a Jordanrevase deivation d as emiprime ring R, thend Is a quater revase

derivation. Using this, we show thatd is a triple reverse deivation.
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INTRODUCTION

Herstein 1] studiedJordan deivations of prime rings and poved that evey Jordan deivation on a pme ring of
cha.#2 is a deivation and ado studiedrevease deivations of primering s.K. Suvana andD. S. Irfand3] studied some

propeties of Jordan deivations onsemi rimerings.

We knaw that an additive mappind: R— Ris called aJordanrevase Deivation if d(xz): d(x)x+xd(x)for all xin R.
An additive mapd from aring R to R is a triple revase deivation if d(xyx)=d(x)yx+ xd(y)x+ yxd(x) hold, for all x,
yORand d is a quater revase deivation if d(xyzx)=d(X)xyz+ xzd(y)x + d(z)xy+ xzyd(x) hold, for all x, yOR.

Throughout ths PaperR will de not eaemi primering andz its cente.
Lemma 1: Let R be anyring and letT(a)={r OR/r(ax—xa)=0, for al IXOR} for all allR. ThenT(a)is a
two-sided ideal 6 R.

Proof: Clealy T(a)is a l&t ideal d R. It remairs to show that f udT(a), xOR, thenux[OT(a). But thenfor

allr OR, u(axr—xra)=0.

Thus U{(ax — xa)r+ x(ar—ra)} =0.SinceudT (a),u(ax — xa)= 0, andsowe have thatix(ar—ra)=0, for all r O R.

ThenuxOT(a) . Hence the Lemmasiproveds

Lemma 2:f Risa gimering and f allRisnot inZ, the centeof R thenT (a)=(0).
Proof: Sinceal Z, for omebR, ab—ba# 0.If T(a)#z (0), thenT(a)(ab—ba)=(0).So, theright ideal T(a)is

annihilated by an omeroelement. By the dmition of a pime ring, eithe T(a)=(0)or ab-ba=0.Since allZ,

ab—-baz 0. So0,T(a)=(0).m
Now, we prove thefollowing results:

Theorem 1: If disa Jordanreveased eivation d asemi grimering R, thend is a quater revase deivation, that
is, d(abca)=d(a)abc + acd (b)a + ad(c)ab + achd(a) , for alla,b,c R.
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Proof: We haved (a2): d(a)a+ad(a)
Wereplacea bya+bc. Thenweget,
= d(abc + bca)=d(abc) + d(bca)
= d(abc +bca)=d(c)ba+cd(b)a +
bcd (a) + d(a)ch + ad(c)b + cad (b), 1)
foralla, b, cOR.
Similarly,
= d(abc + bca)=d(c)ab + cd (b)a + chd (a) +
d(a)bc +ad(c)b +acd (b)), ..... 2
foralla, b, cOR
By equating equs(1) and(2), weget
= d(c)ba +bcd (a) +
d(a)cb + cad (b)=d(c)ab + cbd(a) +d(a)bc + acd (b),..... (3)
foralla,b,cOR
Conrsider W= d((abc + bca)a + a(abc + bca))
=d(a)(abc + bca) + ad(abc + bca) + d(abc + bca)a + (abc + bca)d (a)
From equ(2)wehave,

=d(a)abc +d(a)bca+ ad(c)ab+cd(b)a+chd(a) + d(a)bc + ad(c)b + acd (b)] +[d(c)ab + cd (b)a + cbd (a) +
d(a)bc +ad(c)b + acd (b)]a + abced (a) + bcad (a)

= W= d(a)abc+ 2d (a)bca+ ad(c)ab+ 2acd (b)a+ achd (a)+

ad(a)bc+ a2d (c)b+ azcd (b) +d(c)aba+cd (b)a2+ .. (4)cbd (a)a+ ad(c)ba+ abed (a) + becad (a)
On the othehand,

— W= d((abc + boa)a + a(abe + bea))
— W= d(2abca + bca+ a%he)

= 2d(abca) + d(a®)bc + a2d(bc) + d(c)ab + cd(ab)
— W= 2d (abca) +d(a)abc+ ad (a)bc+ a2d ()b +

a2cd (b) +d(c)ah + cd (b)a+ chd (a)a+ chad (a) )
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By compaing equ's (4) ard (5), for W, we obtain,
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= 2d(a)bca+ ad(c)ab + 2acd (b)a + achd(a) + d(c)aba + ad(c)ba + abcd (a) + bcad (a)= 2d(abca) +d (c)a2b +C

From the equality given in eq@), we have,
= 2d(a)abc + 2ad(c)ab + 2acd (b)a + 2achd (a)= 2d (abca)

— d(abca)= d(a)abc + acd (b)a + ad(c)ab + achd (a) .

Theorem 2: If d isa Jordanrevease deivation d a semi grime ring R, thend is a triple revese deivation, that
is,d(aba)=d(a)ba + ad(b)a + bad(a) , for alla,b,cOR.

Proof: We haved (a2): d(a@a+ad(a)

Wereplacea bya+b, thenweget,

— d(ab +ba)=d(ab) + d(ba)

=d(b)a+bd(a) +d(a)b+ad(b) foralla,b,cUR. .....

CorsiderW= d((ab + ba)a + a(ab + ba)) .

= d(a)(ab + ba) + ad(ab + ba) + d(ab + ba)a + (ab + ba)d (a)

(6)

=d(a)ab+ d(a)ba+ a[d(b)a +bd(a) + d(a)b+ ad(b)] + [d(b)a+ bd(a) + d(a)b + ad (b)]a + abd (a) + bad(a)

=d(a)ab + d(a)bat+ ad(b)a+ abd(a) + ad(a)b + a2d(b) +d (b)a2+ bd(a)a+ d(a)ba+ ad(b)at+abd(a) + bad(a

= W=d(a)ab + 2d(a)ba+ 2ad (b)a+ 2abd(a) + ad(a)b +

a2d(b) + d(b)a+ bd(a)a+ bad(a).....
On the othe hand,we get,

— W= d((ab + ba)a + a(ab + ba))

= d(ba’+ ab + 2aba)

= d(a®)b+a’d(b) + d(b)a>+ bd(a2) + 2d (aba)
— W= d(a)ab+ ad(a)b+a2d (b) +

d(b)a%+bd(a)a +bad(a) + 2d(aba).....

By compaing equ's (7) ard (8) for W, we obtain,

@)

(8)

= d(a)ab + 2d(a)ba + 2ad(b)a + 2abd(a) + ad (a)b + a2d (b) + d(b)a2+ bd(a)a +bad(a)= d(a)ab+ad(a)b+a
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d (b)a2+ bd(a)a +bad(a) + 2d(aba)
= 2d(a)ba + 2ad(b)a + 2bad (a)= 2d(aba)
= 2[d(a)ba + ad(b)a+ bad(a)] = 2[d (aba)]

— d(a)ba + ad(b)a + bad (a)= d(aba)m

C. Jaya Subba Reddy, S. Mallikarjuna Ra@& S. Vasantha Kumar

We lineaize theresults of Theaem: 2 byreplacinga by a + ¢, we arive at

Theorem 3:For all a,b,cOR,

d(abc + cha)= d(a)bc + d(c)ba + ad (b)c + cd (b)a + bad (c) + bod (a)

Theorem 4:For all a,b[J R ,(d(a)b+ ad (b))(ba - ab) — (ba— ab)d (ab)= 0.

Proof: Corsider W= d(ab(ab) + (ab)ba)
Byusing Theaem:3,with c=ab, we obtain,

— W= d(ab)ab + (ab)d (ab) + d (ba)(ab) + bad (ab)

= d(ab)ab + (ab)d (b)a + (ab)bd (a) + d(a)b(ab) + ad (b)(ab) + bad (ab) )

Howeve, W= d(ab(ab) + ab2a)

= d(ab(ab)) + d(ab%a)

= d(ab)ab + (ab)d(ab) + d(b%a)a + b2ad (a)
— W= d(ab)ab + (ab)d (ab) + d(a)b%a +

ad(b)ba + abd (b)a + b2ad (a).

W can abo bewritten @
— W d(ab(ab)) + d(ab’a)

= d(ab)ab + (ab)d (ab) + d(a)ab>+ ad(ab?)
— W= d(ab)ab + (ab)d (ab) + d (a)ab’+

ad(b)ba + abd (b)a + ab2d(a).... (11)

By equating equs(10) and(11),weget,
— d(a)b%a +b2ad(a)= d(a)ab>+ ab>d(a)

— d(a)b%a= d(a)ab%and ako, b2ad(a)= ab2d(a)

By compaing equ's(9) and (10) for W, we obtain,
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— d(ab)ab + (ab)d (b)a + (ab)bd (a) +d(a)b(ab) + ad (b)(ab) + bad (ab)=d (ab)ab + (ab)d (ab) + d(a)ba +ad (b)
ba + abd (b)a + b%ad(a)

Byequ.(12), wehave,
= (ab)bd(a) + d(a)b(ab) +ad (b)(ab) + bad (ab)= (ab)d(ab) +d (a)b2a +ad(b)ba + ab2d(a)

= d(a)b(ab) + ad (b)(ab) +bad (ab)= (ab)d(ab) + d(a)bza +ad(b)ba
By trarsposing and collecting tens, it follows that
= (d(a)b+ad(b))(ba—ab) — (ba—ab)d(ab)=0. =

Theorem 5: If Ris asemi gimering of cha. #2, then anylordanrevese deivation d R is an adinary revase

deaivationdR. m

Theorem 6: Let R beaemi pime ring o cha.#2andlisalordanmevesedeaivationdR.Ifdacs as an

antrhomomaphism o R, thend is a cental deivation
Proof: Sinced act as anantthomonorphism, we have,
d0y)=d(YA(X) ... (13)
From Thesem: 5,we have,

d(xy)=d(y)x+ yd(x) ’ foralXyYOR. Then

=d(yd@=dy)x+w®) .. (14)
By substituting zy for yi n equ(14), we obtain,

d(zy)d(x)=d(zy)x + zyd(x)

= d(zy)d(x)=d(y)d(2)x + zd(¥)forallxy, zOR  ..... (15)
Sinced is an antihomomaphism.

On the othehand,we have,

d(zy)d(x)=d(y)d(2)d(x)

=d(y)d(2)

=d(y)[d(2)x + zd(x)]

= d(z)d(®=d(y)d@x+d(Y)zd(x) ... (16)
From equation (15) and(16), we have,

d(y)d(2)x + zyd(x)= d(y)d(z)x + d(y) zd(x)

= zyd(X)=d(y)zd(x)  ..... (17)
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Puty= xyin equ(17)and wing equ(17)
2xyd (x)=d(xy)zd(x)
=d(y)xad(x) + yd(x) zd(x)
= 2yd (X)= 2d () + yd (x) zd(x)
= yd(x)zd(x)= 0
If were placezby ry, thenweget,
yd (X)ryd(x)=0, forallr O R
= yd(x)Ryd(x)=0
By semi grimenessof R, yd(x)=0.
d(x)=0
Putx= yimpliesd(y)=0.
If we multiplywith[x,y] from the Iét handside, thenweget,
[xyld(y)=0, forallxyOR ... (18)
We replacebyxzin equ(18)and sing equ(18), then
[xzyld(y)=0, for allx, y,zOR
= [xylzd(y)=0, forallx, y,zOR ... (19)
On the othehand,a linedization dequ(18)leads to
[xy +uld(y +u)=0
= [xyld(y) +[xyld(u) +[x,uld(y) +[x,uld(u)=0
= [xyld(u) +[x,u]ld(y)=0
=[xuld(y)=-AxyldW=[y,qdu) ... (20)
Ifw ereplacabyd (u) 4 x, u]in equ(19) and singequ(20), thenwe get,
= [xyld(u)Zx,uld(y)=0
= —xyld(u)Z xyld(u)=0
= [xyld(U)Zxyld(u)=0 ..... (21)
SinceRis emigime, by equ(21) weget,[x, y] d(u)=0, for all x, y, uin

R. By[2] (i.e., Ring within volutionH.N.Herstein), d(u) 0 Z , for all u 0 R. This shows thatd is a Jordanrevased

erivation onR which mag Rinto itscente. =
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